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Terms to Refresh

Canogljg

Business Management Group

Random Variable

P(X) represents the probability of X.

P(X = x) refers to the probability that the
random variable X is equal to a particular
value, denoted by x.

A probability distribution is a table or an

equation that links each outcome of a
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statistical experiment with its probability

of occurrence.

Canopus Business Management Group - India



Frequency (No. of Occurrences)

Histogram Cano ;u%

Business Management Group
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Probability

Distribution

Function

Canoglfg®

Business Management Group

f(x)

Random Variable X

P(X=a)

PDF represents the relative frequency
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of the random variable as a function of

time.
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f(x)

Cumulative

F(a) = P(X<a)

Distribution

Function a

uoissiwiad INoyyM uonNgLISIP 104 Jou ‘asn INoA 1o} AjpAISn|ox3

CDF represents the cumulative

values of the PDF
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Discrete Vs Continuous Distributions
CanopUSt.

Business Management Group
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Application of Distributions  canopu’t
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’Q 0.15

g 010 P(8<x<12)
ﬁ 0.05 | A\ / The probability that the sample will arrive

% between 8th & 12th of this month.

0 2 4 6 8 10 12 14 16 18 20
processing time (days)
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Application of Distributions  canopu’t

Business Management Group

w 0.15

§ Probability that the sample will arrive
z 0.10 - P(8<x<12) _
§ / beforel2th of this month. g
£ 0.05 -

5 ~ Probability that the sample will arrive

0 é 4 é 8 10121\4'r 1‘61\82|0
processing time (days) after 15th of this month.
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Standard Normal Variable
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Normal Distribution Canogqu

Business Management Group

L =30

Our process data is Normal with / HK"W.
Mean (30) & SD (3). _;"'f \"-_ ©
We would like to find out the /
probability of having a value ff
greater than 33. ._#,,f’;
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Normal distribution defined by Gauss

Standard Normal Distribution CanogLJQ

Business Management Group

e,
L
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Normalization with Standard Normal Variable CanopUSc
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Business Management Group
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Standard normal variable is a normally
distributed random variable with
Mean =0 and SD = 1.
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Normalization with Standard Normal Variable Canogljg

Business Management Group

- , _33-30
3
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3

njox;

0A 10} Aj9AIS

Activity in minitab for finding the probabillity.
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Application of Probabilities
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A critical parameter was produced in a particular
equipment. Data collected from the samples had

Finding

Mean = 20.2 ; SD=0.01. Assume Normal Data,

Probability of then:

Defectives

1. 1f20.222 is USL, what % of units produced

are likely to be defective

Canoglfg®

Business Management Group
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Solution Canoptc

Business Management Group

X3

Cumulative Distribution Function

njo:

0A 10} Aj9AIS

Normal with mean = 20.2 and standard deviation = 0.01
X P(X<x)
20.222 0.986097 ANS:(1-0.986097) = 1.3%
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Finding Probabilities in Minitab M

Business Management Group

Calc>Probability Distributions> <Distribution Type : Normal>

| PDF: flx) [—

MNormal Distribution ==
" Probability density
m = Cumulative probability What IS X for d g|Ven
* Inwerse cumulative probability prOba blllty?
Mean: |41

Standard dewviation: |3— Pa rameters

" Input column: |

Optional storage: Input x for PDF and CDF.
@ Input constant: [ss=— Or input probability for the

Optional storage:

[ seleat | inverse cumulative probability.
Help | OK I
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Estimation for Trial

Batch

Canogljg

Business Management Group

A critical parameter was produced in a particular
equipment. Data collected from the samples
had Mean = 20.2 ; SD=0.01. Assume Normal

Data, then:

2. For atrial batch, you want only units with

dimensions between 20.18 & 20.22.
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What % of units are you likely to get?
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Solution  c40puSse
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Cumulative Distribution Function

Normal with mean = 20.2 and standard deviation = 0.01

X3

19!

X P(X<x)
20.18 0.0227501

1noA 1o} AjaAisn

Cumulative Distribution Function

Normal with mean = 20.2 and standard deviation = 0.01
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X P(X<sx)
20.22  0.977250 ANS:(97.725-2.27501) = 95.45 %
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Planning for Future
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Business Management Group

A critical parameter was produced in a particular
equipment. Data collected from the samples
had Mean =20.2 ; SD=0.01. Assume Normal

Data, then:

3. If wish to have 99.9% acceptable rate from

this process, what should be USL?
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Solution Canoptc

Business Management Group

Inverse Cumulative Distribution Function

Normal with mean = 20.2 and standard deviation = 0.01

P(X<x) X .
0.999 20.2309 ANS: 20.2309
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Density

40

30

20

®

Solution Canoptc

Business Management Group

Distribution Plot
Normal, Mean=20.2, StDev=0.01
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0.001350
20.2 20.23
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P
Probability Distribution Plot: View Probability

Distribution

Probability Distribution Plot

Graph > Probability Distribution Plot > View Probability

CanopUsc.

®

Business Management Group

Shaded Area ]

Distribution:

M |

Mean: 20.2
Standard deviation: .01

b

Help

QK Cancel

Probability Distribution Plot: WView Probability

Distributon Shaded Area ]

Define Shaded Area By
¢ Probability
= X value

Right Tail Left Tail Both Tails

Middle

JANVAN

¥ wvalue;

20,23

I\

EEE

Help oK

Cancel
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Types of Distribution

A

Become Future Fit
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Continuous

Distributions

Canogljé

Business Management Group

* Normal

* Exponential
*  Weibull

« Chi Squared
. T

- F

% Lognormal
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% Gamma
)
%* Beta

To be covered in later lesson

Not covered in BB class
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Discrete Distributions

Canogljé

Business Management Group

* Binomial

* Poisson

s Geometric

% Negative Binomial

% Hyper geometric
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To be covered in later lesson

Not covered in BB class
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Binomial
0.25
0.20
£ 015
]
S u
S 0.10- S
O %.
0.05 — 3
0~
o1 2 3 4 5 6 7 & 9 10 2
x 2
Poisson g
0.2 3
z :
=
01—
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S
Oi

o1 2 3 4 5 6 7 8 9 10
X
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Cano Uﬁ

M nagement Group

To characterize the distributions -

Location Parameter (y)

Distribution Parameters Scale Parameter (1)
Shape Parameter (f)

OUIIM UONINGLISIP 10} 10U ‘@SN IN0A 10} AjoAISN|oxT

uoissiwad

Canopus Business Management Group - India



Location Parameter

ST T T T T T T

10

Canoug

Business Management Group

Standard

Deviation

20 30 40 50 70 80 90

Represented by y

The lower or midpoint (as prescribed
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by the distribution) of the range of

the random variable. E.g., for a

normal distribution, the mean.
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Standard
Deviation

ST T T T T T T T T T
Scale Parameter 0w oo s w0

Represented by m

Determines the scale of measurement

m
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for x (magnitude of the x-axis scale).
E.g., for a normal distribution, the

standard deviation.
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Standard
Deviation

ST T T T T T T
Sh a,p e Param eter 10 20 30 40 50 70 80 90

Represented by 3
Defines the PDF shape within a family
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of shapes. E.g., for a t distribution, the

degrees of freedom.
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To design the process based on

distribution properties (Capacity,

Planning, Prediction, Scenario

Application of evaluation, etc)

In planning by compute probabilities

D| Stri b Utl ons and process capabilities accurately

To calculate confidence intervals for

uoissiwiad INOYIM UONNGLISIP 10} 10U ‘@SN INoA 10} AjoAISN|oXT

parameters (target setting) and to

calculate critical regions for hypothesis

tests.
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Process Lead Time Data
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Process Lead Time

Canoglfg®

Business Management Group

You have process lead time (TAT) data. You
want to find probabilities to make some

important decisions.

* What proportion of items take greater

than 2880 mins (48 hrs)?
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Process Lead Time

You have process lead time (TAT) data.
You want to find probabilities to make

some important decisions.

What proportion of items take greater

OUIIM UONINGLISIP 10} 10U ‘@SN IN0A 10} AjoAISN|oxT

than 2880 mins (48 hrs)?

uoissiwad

Check for Normality
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Process Lead Time

You have process lead time (TAT) data.
You want to find probabilities to make

some important decisions.

What proportion of items take greater

OUIIM UONINGLISIP 10} 10U ‘@SN IN0A 10} AjoAISN|oxT

than 2880 mins (48 hrs)?
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Non-Normal Data
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Weibull Distribution
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Business Management Group

Welibull Distribution

Waloddi Weibull

Many continuous data sets fit to Weibull

distribution.
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Used Reliability Data like failure times,

process times, etc
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Weibull is a family of distributions

It can take can shape

Depending on the parameter values,
it approximate an exponential, a

normal or a skewed distribution

®

Weibull Distribution CanopUiSe

Business Management Group

2 - .
Weibull(1, 0.5) g

Weibull(2, 0.5) H

. Weibull@, 1)
“

0 . : . g
0 05 1 15 2 B
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3 Parameter Weibull Distribution
e Bis the shape parameter
* nis the scale parameter
* v is the location parameter
2 Parameter Weibull Distribution
e Bis the shape parameter
* nisthe scale parameter
Shape & Scale are expressed as a

function of Standard Deviation

®

Weibull Parameters CanopUsc

Business Management Group

2 - .
Weibull(1, 0.5) g

Weibull(2, 0.5) H

.  Weibull@3, 1)
g 2

0 . : . g
0 05 1 15 2 B
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Lets see if we can generate Weibull

Weilbull Parameters

distribution for different Parameters
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Welbull Distribution

2.

Any Non-normal Continuous distribution
can be treated as Weibull .
If you don’t know which distribution this
data belongs to, treat it as Weibull

Distribution

Can Process Time Data
belong to Weibull family?
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Identifying Distributions

Become Future Fit
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Canoglfg®

Business Management Group

Process Lead

Let’s find out if the Process Time

Time Data Case Data belongs to Weibull....
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Percent

Percent
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Probability Plot for C1

. Goodness of Fit Test
Normal - 95% CI Weibull - 95% CI codness ot kit fes
e 99.9 Normal
991 . * B AD = 21628
90 e 7 P-Value < 0.005
50/ g
E Weibull m
10 1 AD=0.735 e
1 P-Value = 0.053 s
“'lsdoo/ 0 5000 10000 e & & oy YD \ %;
@@P@?@ GghQ.Q&Q'Q © ® ‘@&.9%@ 3-Parameter Weibull <
Cl ST AD=0.756 :
P-Value = 0.051 8
c1 2
5
3-Parameter Weibull - 95% CI %
99.9 g—
=}
90- £
1. Visual Fit E
™ |
> g
1 r g
T »
2. Least A-Sq value
0.1

EICIE R N S

C1- Threshold
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Process Lead

Let’s find out if the Process Time

Time Data Case Data belongs to Weibull....
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Process Lead Time

Canogljg

Business Management Group

You have process lead time (TAT) data.
You want to find probabilities to make

some important decisions.

 What proportion of items take

greater than 2880 mins (48 hrs)?
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Cano Uﬁ

s Man gmelG up

You have process lead time (TAT) data.

You want to find probabilities to make

some important decisions.

Process Lead Time

 What proportion of items take greater

OUIIM UONINGLISIP 10} 10U ‘@SN IN0A 10} AjoAISN|oxT

than 2880 mins (48 hrs)?

uoissiwad

We yet don’t the Weibull
Parameters...
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Finding Weibull

Parameters

Canoglfg®

Business Management Group

Use the data and perform Weibull
Process Capability
Weibull Shape & Scale Parameters

will be available there
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Finding Weibull

Parameters

Cano Uﬁ

M nagement Group

Use the data and perform Weibull
Process Capability
Weibull Shape & Scale Parameters

will be available there

Shape =0.377
Scale = 105.2
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Cano Uﬁ

s Man gmelG up

You have process lead time (TAT) data.

You want to find probabilities to make

some important decisions.

Process Lead Time

 What proportion of items take

OUIIM UONINGLISIP 10} 10U ‘@SN INOA 10} AJoAISN|oX:

greater than 2880 mins (48 hrs)?

uoissiwad

P(X>=2880) =0.03073 (3.07%)
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Early Life

(failure rate decreases w/ time)

Wearout Life ——» /

(failure rate increases wi/ time)

Bath-tub Curve

. Useful Life
*._ (failure rate approx. le:I:::lnnst-?ﬂ'ﬂ:}wd,r

u

. ~

- —

Failure Rate {failures per unit time)

Time (hours, miles, cycles, etc.)
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Hazard Function Curve

Shows Rate of Failure over Time

Bath-tub Curve

Canoglfé®

Business Management Group

Failure Rate (failures per unit time)

Early Life

Time (hours, miles, cycles, etc.)

Y (failure rate decreases w/ time) ; m
: I

. Wearout Life ———f / 3

k {failure rate increases w/ time) / ;

-“ f g

l.‘ f é

“._ Useful Life JI §
*._(failure rate approx. cunstan‘t}f g

‘i"‘*-u - -~ ,8,
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Bath-tub Curve CanOELQ

Business Management Group

Failure Rate (failures per unit time)

it
]

L]

L]

Early Life

(failure rate decreases w/ time) ;
L Wearout Life > / 3
(failure rate increases w/ time) /
" ! £
. Useful Life / g
. (failure rate approx. constant) y;
.'ﬁi"ﬁ- \ — f

Time (hours, miles, cycles, etc.)
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Welibull Variants CLnOﬁ

Business Management Group

° Early Life Useful Life Early wear-out failure
(a '8
5 .
© ray = = 3
Ne! 2 g z :
o 2 & 2 g
a >
x 0 ol ;
5 :
9
+ o
(@) @
c g
> =3
L o u o S
53 5 n"e| /-
© g
N 3
g Time Time Time g:
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Probability Plot

Hazard Function

Wear-out
R=2

Dansity

Rate

Weibull Variants M

Final period of product life
3<8<4

/\
4

Density

Rate

Business Management Group

The end
R>10

Dansity

Rate
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Weibull Application

across Industries

Canogljé

Business Management Group

Manufacturing
Insurance
Weather Forecasting

Communications Engineering
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Weibull Applications

Canogljé
Failure Studies
Reliability Studies
Warranty Studies
Maintenance Planning

Equipment Life Studies
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Exponential Distribution
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Part of Weibull Family
Maximum at x = 0, decays
steadily as x increases.
Approaches zero as x — o
X must be non-negative

Memory less distribution

probability density (1/)

0.2

0.1

0

Exponential Distribution Canoglj?’:

Business Management Group

I I T I I T I I — T
0 2 4 6 8 10 12 14 16 18 20
X
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Mean = Std Dev
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Non-normal Distribution Can09@®

Business Management Group

Wait Time (WT) Cycle Time (CT)

Activation !
Customer Ragisti Inform of service Update Notify
Request by e g o technical by status on L
phone call a8 team technical software théﬂjgh

team

A
v
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Lead Time (LT)
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Binomial Approximation

A

Become Future Fit
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o
m

O
N

probability

Binomial Distribution

O
—

o 1 2 3 4 5 6 7 8 9 10
number of errors
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Number of trials are defined
Just 2 outcomes for each trial
Trials are independent

Probability of an outcome
does not change from trial to

trial

probability

Canogljé

Business Management Group

o
m
|

O
N
|

O
—
|

O
|

| | |
o 1 2 3 4 5 6 7 8 9 10
number of errors
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QC Audit on Proce

Canopus Business Management Group



Process has 8% historic
defect rate and the target
is to be less than 12%.

What is the chance of
having greater than 12
defects if 100
components are checked

the QC personnel now?

Binominal Distribution - Example CanOEuQ®

Business Management Group
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Process has 8% historic
defect rate and the target
is to be less than 12%.

What is the chance of
having greater than 12
defects if 100
components are checked

the QC personnel now?

Binominal Distribution - Example CanOEL4®

Business Management Group

Importance :

If 12 or more defects are found,
then its likely that QC person will
escalate the issue stating defect
rate has increased compared to

historic rate of 8%
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Process has 8% historic
defect rate and the target
is to be less than 12%.

What is the chance of
having greater than 12
defects if 100
components are checked

the QC personnel now?

Binominal Distribution - Example Canogt'f”‘f

Business Management Group

Cumulative Distribution Function

Binomial with n = 100 and p = 0.08

X P(X<x)
12 0.944120
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P (X>12)=1-0.944120

= 0.05588
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Binomial Approximations Can09@®

Business Management Group

* Asnincreases, Binomial

Distribution tends to Normal

e With sufficient sample size,
Discrete data can be analyzed
with principles of Normal

Distribution
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If n>5/min(p,q)
Binomial tends to Normal

Mean (i) = n*p; SD (o) =sgrt[n*p*q]

If n>20 & p < 0.05

Binomial tends to Poisson

Binomial Approximations ..o

Business Management Group

0.3+

0.2+

T T T 7T
o1 2 3 4 5 6 7 8 9 10
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Binomial Distribution Application

Become Future Fit



®

CanopUsc.

Business Management Group
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®

Binomial Distribution Canoptc

Business Management Group

Infra team procured servers. The 0.3
manufacturer states that 95% of the servers 3
£ 0.2
last at least 10000 hours. = 2
A2 c
O E
* What are the chances that all four of the S 01— :
servers will last at least 10000 hours? :
. . . 0—
What is the probability that three will last 0O 1 2 3 4 :

that long & so on?
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Binomial Distribution CanopUSc

Business Management Group

Probability Density Function
Infra team procured servers. The

manufacturer states that 95% of the servers Binomial with n =4 and p = 0.95
last at least 10000 hours.
X P(X=x)

* What are the chances that all four of the
1 0.000475 z

i ? g

servers will last at least 10000 hours: 5 0.013538 :

* Whatis the probability that three will 3 0.171475 g
last that long & so on? 4 0.814506 :
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Poisson Distribution

A

Become Future Fit



®

CanopUsc.

Business Management Group
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— Canolj4®

Business Management Group

Poisson distribution is used to

represent process outcomes

measured in rates.
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Poisson Distribution
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Weibull & Poisson Canogbé

Business Management Group

Weibull Poisson

Time between Failure Failure Rate

wl. 10U ‘asn INoA 10} AjpAISN|oxg

uonng
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— Canolj4®

Business Management Group

Defects/Opportunities

Arrivals per minute

Units per hour

D} 10U ‘8sn INOA 10} AjpAISN|OXT

Poisson Data
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CanoEL4®

Business Management Group

Poisson Distribution

20

Data of arrival rates of customers into

Frequency
B

the stores

Arrival Rate
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Mean = 3.9
=an St dev = Sqrt (Mean)

SO =2.26
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Equal Opportunity of Occurrences

in the Area of Measurement

Occurrences are independent

Poisson Distribution - Assumptions M

P roba bil ity Mass

(=]
Y
oh

[=]
Y

Protab ity Mass
=1
=]
th

[=]

Poisson POF (LAMBDA = §)

0.1

a 10 20 . 30 40 50

Poisson POF (LAMBDA =25)

.
30 4d 50

X

. .|I||
i 10 20

Probability Mass

Protability Mass

Poisson PODF{LAMBDA =15)

Business Management Group

a

N
1

Poisson PDF{LAMBDA =35)

I I, i
@ 20 _30 40 50
®

, .|I|||||
a 10 20 3
X
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Applications

Canoglfg®

Business Management Group

Capacity problems

[ox3

0A 10} AjonIsn|

Planning
Floor Management

Quality Management
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Applications

Canogljg

Business Management Group

Sales — Enquiry Arrival Rate
Marketing — Click Rates

Front Office — Customer Arrivals & Queue

Management

Customer Service — Call Arrival Rates,

Complaint Arrival Rates
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Supply Chain — Replenishment Rates
Quality — Defect Rates

IT — Outage or Issue Rates
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Poisson Distribution Application

Become Future Fit



®

CanopUsc.

Business Management Group
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Front Desk Capacity

Issue Problem

Canopus Business Management Group - India
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CanopUsc.
Business Management Group

At a Front office desk, the customers

arrive on average 2 per 10 mins during
the morning. The store manager wants
to determine staffing level for morning
hour. In order to do that, she wishes to

know what is the probability that there
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will be 4 or more customers will arrive

ina 10 mins window?
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CanopUsc.
Business Management Group

At a Front office desk, the customers
arrive on average 2 per 10 mins during

the morning. The store manager wants

X3

njo:

1noA 10} AjaAIs

to determine staffing level for morning
hour. In order to do that, she wishes to

know what is the probability that there

uoissiwiad oYM uonNgLISIP 10} Jou ‘asn

will be 4 or more customers will arrive

ina 10 mins window?
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Variability with Sample Size CanoEL4®

Business Management Group

N= 100

[ox3

0A 10} AjonIsn|
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daaids
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CanOQUQGD

Business Management Group

Variability with Sample Size
N= 1000

T c2 aTT c3 0o c4 T C5 100 (o)
50 - 50 - — 50 50
0 - 0 - 0- : 0- o-
AT 2% et 0t 5T 0 p? A 2P 2P 2% T T S P L G A% 2 27 42 o P 00 ,F
<] 100 C10 a0 C11 g
(7]
_* 50__'_—# 40_#— Ci
o- o- 3
2 35 57 o P LR T S R P e i
c
w
o
Cl4 80 C15 100 - Ccl6 s
AL w_AL m_* §:
LA AT 2% 2T 2 0T T R T AT 2% 2 a2 2" T 5B 5P £
=]
=
Cl19 80 c20 100 Cc21 é-
50 40— 50 - 3
o 0 o- g
P BT - L O AL S O O g
c24 a0 C25 100 C26
_#'_ 40_—# 50__'_4-#
o- o-
27 20 2% 2 o g 5P aP EE I A P R R 2 P
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As n increases, Binomial

Distribution tends to Normal

With sufficient sample size,
Discrete data can be analyzed
with principles of Normal

Distribution

Binomial Approximations M

Business Management Group

48

36

24

12

0.0
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If n>5/min(p,q)
Binomial tends to Normal

Mean (i) = n*p; SD (o) =sgrt[n*p*q]

If n>20 & p < 0.05

Binomial tends to Poisson

Binomial Approximations MP@

0.3+

0.2+

Business Management Group

T T T 7T
o1 2 3 4 5 6 7 8 9 10
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Central Limit Theorem

A

Become Future Fit



®

CanopUsc.

Business Management Group
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Canoglfg®

Business Management Group

The time to process a letter of credit by a

| etter Of Cred”: banking officer is collected.

e Each day 51 samples of data are collected

Processin 9 Data * In total, 50 days data is collected
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Let’s check out the data now.....
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Canoglfg®

Business Management Group

Immaterial of the original distribution, the

Inference

average of samples tends to be Normal.
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Canoglfg®

Business Management Group

Now lets assume, we had lesser samples per

| etter of Credit day for letter of credit process:

e Each data 3 samples of data are collected

Processin 9 Data * In total, 50 days data is collected

uoissiwiad INoyyM uonNgLISIP 104 Jou ‘asn INoA 1o} AjpAISn|ox3

Let’s check out the data now.....
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Canoglfg®

Business Management Group

Two things should be noted about the
effect of increasing N :

Inference * Distributions becomes more and more
normal

* Spread of the distributions decreases
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Central Limit Theorem

The mean of the SAMPLE MEANS:

M= HM

0A 10} AjoAISN|OXT

The standard deviation of the SAMPLE MEAN:

=0
Gx—ﬁ
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. CanopUsc
Cen t r al I_ I m I t Th eo rem Business Management Group

The standard deviation of the SAMPLE MEAN:

X3

19!

0A 10} Aj9AISn
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Standard Error of Mean (SE)
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Letter of Credit

Processing Data

Canoglfg®

Business Management Group

Now lets assume, we had 30 samples per day

for letter of credit process.

Let’s check out the data now.....
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Letter of Credit

Processing Data

Mean

Median

Canogljﬁ

Business Management Group

Summary Report for Data Avg Data (30 samples)

Anderson-Darlin:

g Normality Test

A-Squared 0.34
P-Value 0.481
Mean 0.75830
StDev 0.08457
Variance 0.00715
Skewness 0.396527
Kurtosis -0.338208
N 50
Minimum 0.60210
1st Quartile 0.69084
Median 0.75765
3rd Quartile 0.80820
Maxil 0.97074

—

95% Confidence Intervals

95% Confidence Interval for Mean

0.73427

95% Confidence Interval for Median

0.72401

95% Confidence Interval for StDev

0.07064

0.78233

0.77235

0.10538

072
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Inference

p ®
Canogugn’

0A 10} AjoAISN|OXT

At around 30 Samples, the

magic starts to happen!
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Canogljg

Business Management Group

Original Distribution is Unknown or Non-

Normal

 We can collect N samples, and apply the
. . principles of Normal Distribution on
Application

sample data

*  We can use a Sample Average & Standard
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Deviation to estimate the Population

Average & Standard Deviation

Canopus Business Management Group - India



